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Equivalence between the formulas
for inductance calculation

Marcelo Bueno and A.K.T. Assis

Abstract: We demonstrate the equivalence for the self-inductance of closed circuits, with the
formulas of Neumann, Weber, Maxwell, and Graneau.

Résune: Nous demontrons que les formules de Neuman, Weber, Maxwell et Graneau
donnent la dme self-inductance pour des circuits fésn
[Traduit par la edaction]

1. Introduction

The concept of inductance arises naturally when studying the interaction energy between current-
carrying circuits. This interaction energy has a factor that depends only on the geometry of the
circuits. When we analyze the self-energy of a single circuit, this factor is called self-inductance;
when we analyze the interaction energy of two distinct circuits, it is called mutual inductance.

With the theoretical development of eectrodynamics three main formulas appeared to calculate
inductance; the expressions of Neumann, Weber, and Maxwell. Recently, a new formula can be
deduced from Graneau’s work.

Our goal is to demonstrate the equivalence between these formulas for the self-inductance of a
closed circuit. This equivalence is a known fact for the mutual inductance of two separate closed
circuits [1], but there is no demonstration for a single closed circuit.

The demonstration we shall present here is a generalization of the equivalence we have recently
shown in some specific configurations [2].

2. Inductance formulas

2.1. Neumann’s formula
To explain Faraday’s law of inductance with Amgre’s force [3], Neumann introduced the concepts
of vector potential and mutual inductance. Consider two closed cirEyiendI'y carrying currents
I, and I, respectively, Fig. 1. A current element of the circlljtis I;dr,, and a current element of
the circuitl's is Iodr,. They are located, respectively, atandr,.

The magnetic interaction enerdy;,, between the circuit§; and T, derived by Neumann, is
given by

N Ho drz'dr_]
=Ko Ty 1
Uy, 47T12fn]§2 )

wherepo =47 x 1077 kg m C 2 andr,, = |r, — 7,|.
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Fig. 1. Two closed circuitsI'; and 'z with currents I; and I». The current element I;dr, islocated at », while
I»dr, islocated at r,.

We can write the energy UT, as I; I, MY, where M3, is the geometric coefficient called the
mutual inductance. Therefore, it follows from (1) that

dr, -dr
Mf;zz—of % B )
TJr,Jre Ty

2.2. Weber’s formula

Through Weber’s force we can derive an interaction enetgy) , for the circuitsI'; andT's, following
the same reasoning shown in Sect. 2.1 [4, 5]. If we wiil§ asI; [, M.y, we obtain the coefficient
of mutual inductancé/,y, in Weber's electrodynamics:

(P - dr,) (7yy - dr
1\2;/ — ZO ]{ ]{ J J 5) 3)
T Jry JTy Ty

2.3. Maxwdl’s formula
In classical eectrodynamics we utilize Darwin's energy [6] to obtain the interaction energyi =
I, I, M. The formula for the coefficient of mutual inductang&; is [7, 8]

_ Mo (dr, - dr)) + (7 - dr,) (7 - dry)
=g f | | X

27y,

2.4, Graneau’s formula
In hisbook, ref. 9, p. 212, Graneau defined an el ectrodynamic energy dQV;? between current € ements.
Integrating for closed circuits we obtain the interaction energy UG, = 111, M. This results in

ME = “;0]{ f 3(Fyy - dry) (7, - dry) — 2(dr, - dr)) ©
2o 47T Fl FQ Tl]

Analogous to Hemholtz's procedure [3, 7, 8, 10], these expressions for the mutual energy between
two closed circuits can be written &5, = I; 15 M5, with
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Fig. 2. (a) Circuit I of thickness w, length ¢ and carrying an uniform and constant current I. (b) N circuits ",
dividing T". (¢) Circuit T, of thickness w, and carrying an uniform current I, = Iw, /w.

(@

Mo

&% % 1+k\ (dr,-dr)) . 1—k\ (7 -dr,)(fy, - dr))
dr Jr, Jr, 2 T4y 2 Tay
1 . 1-—
- <%’“> MY+ (Tk> MY ®)

where Mo = M5 for k = 1, Myy = MYy for k = —1, and My, = MM for k = 0, Myp = M$
for k = —5.
Changing the variables of integration in (6) we obtain My = M, for al formulas.

3. Generic proof of equivalence

As we want to prove the equivalence of the four formulas presented above when calculating the self-
inductance of a single closed circuit, we cannot use the model of alinear current element. Expression
(6) is not well defined when I'; coincides with T';. To overcome this difficulty we have to change
the linear-current element to a surface- or volume-current element.

We now demonstrate the equivalence between the formulas of self-inductance given by Neumann,
Weber, Maxwell, and Graneau. First, consider the circuit I' described in Fig. 2a. We suppose this
circuit to be composed of surface-current elements. The thickness of the circuit is w. We divide T’
into IV circuits I", with thicknesses w, and carrying currents I,, in such a way that w = ZL Wy,
I, = Iw,/w (Figs. 2b and 2c). We choose a large N to make w, < w and w, < ¢ (¢ is the length of
).
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Fig. 3. (a) Circuit I", with thickness w, and carrying current I,. b Circuit I", replaced by M rectangular circuits
I, (j =1,..., M), each carrying a current I, in the same direction as I',.

(a)

- by
/B0 0N
‘mum . m - ,
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The saf-inductance Lr of the circuit T, in Figs. 2a and 2b, can be written as®

[L] Lo (S1L) L )

Z Lr, + Z Mr,.r, (7)

m,n=1
m;én

where St is the surface of the circuit T'. To arrive a (7) we defined Lr, = [ [ [ [q d*M,

and Afrmrn = f fSFm f fsrn d4JVI”.

Now, we approximate the circuit I',, in Fig. 2¢, by M rectangular closed circuitsI',, with currents
I,, inthesamedirection asin I", (Figs. 3a and 3b). This approximation can be improved to any desired
degree by decreasing the rectangle€’'s areas and increasing their numbdraccordingly . We can write

Lr

Lr, —Z Lr, + Z Mr, r,, (8)

g k=1

)7k

The self-inductancér,, of the rectangld’,, can be calculated with the geometry of Fig. 4.

As we have surface-current elements in the rectangle of Fig. 4, we have to make use of the
equivalenceldr «— Kda in expressions (3) to (6), whet® is the surface-current densityi{| =
I/w,) andda is the area element. Calculating the integrals [2], supposing ¢; andw, < /s,
yields (neglecting terms of the ordefts, /¢1)?, (w,/l2)?, and above)

2 2 ly
LR] = LIYYJ = L%’{] = Lﬁ] R~ g—; [262 In ( fQ) +20; In ( jl) — 2lysinh™* (£1>

—2/; sinh™! <ﬁ—;) + 42+ 22—y — ﬁg} 9)

3 With this definition, the sdf-energy of the circuit T is 2Ly /2.
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Fig. 4. Rectangular closed circuit T',;, with sides ¢; and /2, thickness w,, and current 1.
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This is a very important result. It shows that for the closed circuit of Fig. 4, we have the
same coefficient of self-inductance according to the expressions of Neumann, Weber, Maxwell, and
Graneau.

The circuits T',, and I',;, of Fig. 3b are two distinct closed circuits, with j # k. Therefore,
MY p o= MY =My = Mg o [1]. This fact, and the equivalence in (9) substituted in
(8), shows that for the circuit I, of Fig. 2c,

Ly, = Ly = L = Lf, (10)

As M{ = Mp = Mplp = Mg (two distinct closed circuits of Fig. 2b) we finally obtain
from (7), with the equivalence in (10),

LY =LY =LY' = L§ (1)

This is the proof of equivalence between the expressions of Neumann, Weber, Maxwell, and
Graneau obtained utilizing a generic circuit I" with surface-current elements (Fig. 2a). Instead, we
could have utilized a circuit " with volume-current elements. The demonstration of the equivaence
in this case follows the same reasoning presented above. It is only necessary to calculate the self-
inductance of the rectangular closed circuit with volume-current eements, analogous to the one
presented in Fig. 4 with surface-current elements. With the same dimensions as in Fig. 4, but now
with the sguare cross section of sides w,, and utilizing the equivalence Idr < JdV (J isthe volume-
current density, |J| = I /w2, and dV is the volume element) in (3) to (6), we obtain [2] (supposing
w, < {1, w, < lo and neglecting terms of the orders (w,/¢1)3, (w,/f2)? and above)

N — W M N K {2@ In (2€2> +20; In (%> — 205 sinh ™! (6—2)
© w & v 2w 2 g b

—2¢; sinh™! (z—l) + 4(5? +f§)1/2 + (L1 +£2) (1 2 In2— 2—7T) (12
L 6 3 3

Asin expression (9), the same coefficient of self-induction is obtained according to the expressions
of Neumann, Weber, Maxwell, and Graneau.

©1997 NRC Canada


http://www.nrc.ca/cisti/journals/cjp/cjp75/physco97.pdf

362 Can. J. Phys. Vol. 75, 1997

4. Conclusions

The fact that the mutual inductance of two separate closed circuits is the same according to the
formulas of Neumann, (2), Weber, (3), Maxwell, (4), and Graneau, (5), has been known for a long
time [1]. We conclude in this work that this result remains valid even when we are calculating the
sdlf-inductance of a single closed circuit.

Therefore, there is no distinction between these formulas when dealing with closed circuits.

In some situations it is easier to calculate the force between closed circuits (or between a closed
circuit and a part of itself) by deriving it from the inductance (see ref. 9, p. 204, and refs. 11 and
12) not calculating it directly by means of Ampere's force or Grassmann’s force. Thus, the fact that

the self-inductance with Maxwell’s formula and Weber's formula is the same implies that classical

electrodynamics (Grassmann’s force) and Weber’s electrodynamicsgi&iagorce) agree as regards
the resultant force in closed circuits [13-16].
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